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NATIONAL  ADVISORY'  COMtETTEE  FOR  AERONAUTICS 
TECHNICAL  NOTE  NO.  1347 

CRITICAL  COMBINATIONS  OF  SHEAR  AND  LONGITUDINAL  DIRECT 
STRESS  FOR  LONG  ELATES  WITH  TRANSVERSE  CURVATURE 


By  S.  B.  Batdorf ,  Murry  Schildcrout,  and.  Manuel  Stein 


SUMMARY 


A  theoretical  solution  is  presented  for  the  buckling  stresses 
of  long  plates  with  transverse  curvature  loaded  in  shear  and  longi¬ 
tudinal  direct  stress.  The  theoretical  critical-stress  combinations 
for  plates  having  either  simply  supported  or  clamped  edges  are  given 
in  figures  and  tables  and  a  comparison  is  made  vith  a  previous  theo¬ 
retical  solution  for  simply  supported  plates. 

In  the  compression  range  theoretical  curves  are  unsuitable  for 
use  in  design  because  long  plates  with  substantial  curvature  loaded 
In  axial  compression  buckle  at  stresses  that  are  much  less  than  the 
theoretical  values  of  critical  stress.  An  investigation  vas  there¬ 
fore  made  to  determine  the  modifications  required  to  make  the  theo¬ 
retical  curves  compatible  with  the  available  experimental  data  for 
plates  in  axial  compression.  Interaction  curves  based  upon  this 
investigation  are  provisionally  recommended  for  use  in  design.  Both 
theoretical  and  suggested  design  curves  are  essentially  parebolas, 
a  circumstance  which  permits  simple  approximate  interaction  formulas 
to  be  given. 


INTRODUCTION 


Theoretical  solutions  to  a  number  of  problems  concerned  with 
the  determination  of  the  critical  stresses  which  cause  long  curved 
plates  to  buckle  have  been  presented  in  various  investigations.  In 
references  1  to  3  shear  alone  acting  on  both  simply  supported  and 
clamped  plates  Is  investigated;  in  references  4  and  5  direct  axial 
compression  alone  acting  on  both  simply  supported  and  clamped  plates 
is  investigated;  and  in  reference  6  the  critical  combinations  of 
shear  and  direct  axial  stress  for  simply  supported  plates  only  are 
given. 

The  present  paper  deals  with  the  determination  of  the  combina¬ 
tions  of  shear  and  direct  axial  stress  which  cause  plates  with  either 
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simply  supported  or  clamped  edges  to  buckle  (appendix  A).  The 
present  solution  as  veil  as  the  solutions  of  references  1  to  6  is 
based  upon  the  small -deflection  theory.  As  curved  plates  loaded  in 
axial  compression  may  buckle  at  a  stress  much  less  than  the  theo¬ 
retical  value,  the  theoretical  interaction  curves  of  reference  5  and 
the  present  paper  must  bo  modified  in  the  compression  range  for  use 
in  design. 

An  investigation  vas  therefore  made  of  available  experimental 
data  on  tho  critical  stresses  of  long  plates  vlth  transverse  curva¬ 
ture  loaded  in  axial  compression  (appendix  B) ,  and  approximate  inter¬ 
action  curves  incorporating  these  results  were  developed  and  are 
provisionally  recommended  for  design  purposes.  The  results  of  the 
present  analysis  are  given  in  the  form  of  tables,  interaction  curves, 
and  formulas. 


SYMBOLS 


b  width  of  plate 

m,  n,  J  integers 

* 

r  radius  of  curvature  of  plate 

t  thickness  of  plate 

u  displacement  of  point  on  median  surface  of  plate  in  axial 

(x-)  direction 

v  displacement  of  point  on  median  surface  of  plate  in  circum¬ 

ferential  (y-)  direction 

v  displacement  of  point  on  median  surface  of  plate  in  radial 

direction;  positive  outward 

x  axial  coordinate  of  plate 

y  circumforential  coordinate  of  plate 


L  flexural  stiffness  of  plate  per  unit  length 


E  Young's  modulus  of  elasticity 

Q  mathematical  operator  defined  in  appendix  A 
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a  ,  b 
n  n 


(;t:  1x2  °r  (r)2 1 


curvature  parameter 

coefficients  of  deflection  functions 


v5® 

shear-stress  coefficient  appearing  in  eqi’ation  t  - - 

,2. 

o  t 


direct -axial-stress  coefficient  appearing  in  oqua- 
k>«?D 

tion  ox  «  — - 


b2t 


diagonal  element  in  stability  determinant 


(Bs)th  theoretical  shear-stress  ratio  (ratio  of  shear  stress 

^  present  to  theoretical  critical  Bhear  stress  in  absence 

of  other  stresses) 


empirical  direct-axial-stress  ratio  (ratio  of  direct 
axial  stress  present  to  empirical  critical  direct 
axial  stress  in  absence  of  other  stresses) 


theoretical  direct-axial-stress  ratio  (ratio  of  diract 
axial  stress  present  to  theoretical  direct  axial  stress 
in  absence  of  other  stresses) 


P 


X 


deflection  functions  defined  in  appendix  A 


half  vave  length  of 


buckles  in  axial  direction; 


Aooesslon  For 

FTIS  QRAJtl 
DT1C  TA* 
UwuuD«on«o4 
JtstU  loot  lea 


H  Poisson's  ratio 

ox  direct  axial  stress  in  plate 

t  shear  stress  in  plate 


By - 


BvailatllUy 
'XvoiT  aad/or 
Biot  j  Spool*! 
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a—  +  2  — - — 

ixk  Sx2  Jy2 


J. 

=  inverse  of  7 


defined  by  v“4(7^v)  = 
RESULTS  AND  DISCUSSION 


w 


Thooretlcal  results.-  The  combinations  of  shear  and  cxlal  stress 
•which  cause  long  plates  with  transverse  curvature  to  buckle  may  be 
obtained  from  the  equations 


T 


when  the  stress  coefficients  kQ  and  k^.  are  known.  The  theo¬ 
retical  combinations  of  stroB3  coefficients  for  plates  with  simply 
supported  edges  end  clamped  edges  are  given  b,r  the  interaction  curves 
of  figures  1  and  respectively.  In  these  figures,  the  dashed  curves 
for  Z  ■  0  are  flat-plate  solutions  obtained  from  reference  7» 

In  figures  1  and  ?  Interaction  curves  are  presented  for  various 
values  of  the  curvature  parameter  Z  up  to  30.  The  interaction 
curves  are  very  nearly  parabolas  passing  through  the  points  giving 
the  critical  stress  coefficients  for  shoar  alone  and  for  axial  stress 
alone.  These  stress  coefficients  for  any  value  of  Z  may  be  obtained 
from  the  theoretical  curves  of  figures  3  and  4,  which  incorporate 
results  derived  in  reference  3  and  in  appendix  A  of  the  present 
paper.  Additional  calculations  made  for  curved  plates  both  with 
simply  supported  and  with  clamped  edges  indicate  that  for  all  values 
of  Z  up  to  at  least  1000  the  interaction  curves  continue  to  be 
approximately  parabolas  (computed  values  given  in  t3ble  1).  These 
results  are  confirmed  for  simply  supported  plates  by  the  results 
given  in  reference  6. 


*  b^t 
kyic^D 


Empirical  results  and  design  curves.-  Reference  B  shov3  that 
curved  plates  in  shear  buckle  at  stresses  close  to  the  theoretical 
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critical  stresses.  Plates  of  moderate  or  high  curvature  in  axial 
compression,  however,  buckle  at  stresses  much  less  than  the  theo¬ 
retical  critical  stresses.  (See  references  9  to  11.)  The  theo¬ 
retical  interaction  curves  are  therefore  seriously  unccnservative 
for  plates  of  moderate  or  high  curvature  when  appreciable  compression 
is  present  and  are  thus  unsuitable  for  use  in  the  design  of  ouch 
plates.  This  discrepancy  between  the  actual  and  the  theoretical 
compressive  stresses  is  believed  to  be  due  to  nonlinear  effects  which 
are  not  accounted  for  in  the  small- deflection  theory.  The  fraction 
of  the  theoretical  critical  stress  at  which  these  effects  assume 
iiqpartance  depends  upon  the  initial  eccentricities  of  the  plate. 

Because  the  ratio  r/t  is  a  rou$i  measure  of  the  initial  eccen¬ 
tricities  likely  to  be  present  in  practical  construction,  the  available 
eaqperimental  critical  compressive  stresses  were  plotted  in  separate 
groups  according  to  the  value  of  r/t  of  the  plate  and  a  separate 
curve  was  faired  through  each  group.  (See  appendix  B. )  The  rooulta 
are  summarized  in  figure  5*  T2i»  ompirical  curves  have  the  eamc 
general  trend  as  the  theoretical  cvrvoa  and  at  hi^Ji  veluee  of  Z 
approach  straight  lines  given  approximately  by  the  formula 


-  (o.6d 


o.ooo^z 


for  values  of  r/t  between  500  and  1000.  (See  appendix  B.) 

The  true  interaction  curve  for  a  given  curved  plete  nrist  pass 
throurtfi  the  experimental  point  for  pure  compreesion,  which  can  bo 
obtained  from  figure  5,  and  also  through  the  experimental  point  for 
pure  shear,  which  falls  sli^itly  below  the  theoretical  value  indi¬ 
cated  in  figure  3*  Because  the  small-del'lection  theory  gives  fairly 
accurate  results  except  in  the  presence  of  substantial  axial  com¬ 
pression  (reference  1&) ,  the  theoietical  curve  must  be  approximately 
correct  In  the  tension  and  pert  of  the  compression  rnrgo.  The  true 
interaction  curve  is  therefore  presumably  somewhat  like  the  dashed 
curve  in  figure  6.  The  absence  of  experimental  data  does  not  permit 
accurate  plotting  of  this  curve;  therefore  an  approximate  design 
curve  consisting  of  two  parte  (as  indiccted  iu  fir.  6)  is  suggested. 
One  part,  applying  to  the  compression  range,  io  the  parabola  passing 
throur^i  the  points  corresponding  to  the  experimental  critical  com¬ 
pressive  stress  and  the  theoretical  critical  shear  stress  (obtained 
from  fiss.  5  and  3>  respectively).  The  second  part,  applying  to  the 
tension  range,  is  the  theoretical  curve  which  is  essentially  the 
parabola  passing  through  tho  points  corresponding  to  the  theoretical 
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critical  stress  in  pure  compression  and  puro  shear  (obtained  rrom 
figs.  h  and  3t  respectively). 


INTERACTION  FORMULAS 


The  theoretical  interaction  curve  for  r.  long  plate  with  trsiis- 
vorse  curvature  loaded  in  shear  and  longitudinal  direct  stress  is 
very  nearly  a  parabola  passing  through  the  theoretical  points  corre¬ 
sponding  to  sheer  alone  and  to  axial  coanrescion  alono.  This  parabola 
may  be  expressed  in  stress-ratio  form  by  the  equation 


1 


t 


As  long  plates  vltli  transverse  curvature  in  exlal  compression 
buckle  at  a  stress  considerably  less  than  the  thonroticel  critical 
stress,  the  theoretical  interaction  curve  is  unsuitable  for  doci;-n 
purposes  whenever  a  substantial  amount  of  compression  is  present. 

In  the  absence  of  test  data  on  curved  plates  buckling  inider  combined 
shear  and  compression,,  an  interaction  curve  ccmiosed  of  two  ports  is 
provisionally  recommended  for  f’esirn.  This  interaction  curve  is 
described  by  tho  following  equations:  For  combined  ohaar  end  com¬ 
pression, 


1 


v 
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and  for  combined  sheer  end  tension, 


(O  s  +  (O  3  1 

v  e/th  '  x/th 
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ATPETDIX  A 

THEORETICAL  SOLUTION 

Equation  cf  equilibrium. ■  The  combinations  of  shear  end  direct 
axial  stress  vhich  cause  long  curved  plates  to  buckle  cay  be  obtained 
by  solving  the  following  equation  of  equilibrium  (reference  13): 


D  VUv  +  7‘U  —  +  ?rt 


-  +  0-t - 

Sx  cy  x  5*2 


where  x  and  y  are  the  coordinates  indicated  In  the  follovlng 
figure: 


0 
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vhere  the  dimensionless  parameters  Z,  1^,  and  kj  are  daflnod  by 


rt  * 


rtb2 


o-tb* 

*"a 


Equation  (A2)  can  be  represented  by 


Q v  ■  0 


vbere  Q  la  defined  by  the  operator 


k  l?z?  -4  *U  a2  a2  .  n2 
b1*  dx  ay  +  kV  a. 


Method  of  aolutlop » *  The  equation  of  equilibrium  may  be  solved 
by  using  the  Oalerkln  method  as  given  in  reference  lb  •  In  the  appli¬ 
cation  of  this  method,  equation  (A3)  Is  solved  by  the  use  of  s  suitable 
series  expansion  for  v  as  follovs: 


IV. 'i* 

Bhtl  m.1 


In  expression  (Ab)  the  functions  V^,  Vg,  .  .  .  Vj,  and  W^,  Wg,  .  .  .  Wj 
Individually  satisfy  the  boundary  conditions  on  v  but  need  not  satisfy 
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the  equation  of  equilibrium.  The  coefficient©  end  b^  are 
then  determined  by  the  equation* 


nb  pax 


0  Jo 


VnQv  tx  ij 


lb  nsx 

WnQv  dx  dy  •  0 

Jo  Jo 


> 


(A5) 


uhere  n  «  1,  C,  3,  .  .  .  J. 


The  boundary  condition*  considered  In  the  present  paper  are  oo 
follovet  for  eiaply  supported  edges,  v  *  - -  u  •  0  and  v  ia 


unrestrained;  and  for  c leaped  edges, 
unrestrained. 


cv 


w  »  —  •  v  *  0  and  u  la 

<'y 


Solution  for  pin  tea  vith  staply  supported  edgga.  -  The  following 
infinite  aerloa  axpsnelon,  \hlc;i  incorporates  a  set  cf  fujictiona  that 
ia  coeplete  (subject  to  tho  limitation  of  periodicity  V th  uora 
length  2X  in  the  longitudinal  direction),  can  be  used  to  represent 
exactly  the  dlcplacanent  v  of  curved  pistes  vith  rlaply  supported 
edges: 


In  addition  to  satisfying  the  condition*  on  v  at  the  edges,  expres¬ 
sion  (A6)  also  satisfies  the  coalitions  that  the  axial  displacement  u 
ia  equal  to  0  and  the  circumferential  diopleceraent  v  *a  unrestrained 
at  the  edges  (see  reference  12) .  Expression  (a6)  ia  equivalent  to 
expression  (AM  if 
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Vn  -  sin  SemHS 
n  X  b 


V  .  cob  —  eln  22 
a  X  b 


(A7) 


Substitution  of  express  Iona  (A 6)  and  (A7)  into  equations  (A5) 
and  Integration  over  the  Unite  indicated  give 


(n*  .  B2)2  * 

^(a2*B2)2 


nn 


«  < —  o  o 

*  mol  n*  -  vf 


?  (a8) 


(  2  12Z2B**  , 

v»  ♦  ♦  — " "  -  ^ 


«K->2  .  B?)! 


Rn 

°b - -  0 


»» 1  n2  -  m2 


where  n  *  n  le  odd  and 


X 


n  •  1,  2,  3>  •  •  • 

Equations  (a8)  have  a  solution  in  vhich  the  coefficients  an 
and  the  coefficients  bn  aro  not  all  Eero  only  if  the  following 
determinant  of  the  coefficients  of  an  and  bn  vanishes: 
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al 

a2 

a3 

a4 

a5 

a6 

bl  b2 

b3 

\ 

”5 

b6 

•  *  • 

n=l 

& 

0 

0 

0 

0 

0 

•  0  0 

0  f 

0 

4 

15 

0 

6 

35 

•  •  • 

n=2 

0 

b 

0 

0 

0 

0 

#  «  • 

-2  0 

3 

6 

5 

0 

10 

21 

0 

•  •  • 

rt=3 

0 

0 

0 

0 

0 

•  •  • 

0  -f 

0 

12 

7 

0 

2 

3 

•  •  • 

n=4 

0 

0 

0 

& 

0 

0 

0  0  0 

12 

7 

0 

20 

9 

0 

000 

n=5 

0 

0 

0 

0 

^5 

0 

•  •  • 

10 

0  -a 

0 

20 

'9 

0 

30 

ll 

•  t  • 

n=6 

• 

0 

0 

0 

• 

0 

• 

0 

• 

0 

• 

0 

♦  •  • 

0 

-L  0 
35 

•  « 

2 

"3 

• 

0 

• 

30 

"ll 

• 

0 

0 

• 

•  •  • 

• 

• 

• 

n=l 

• 

0 

• 

2 

'3 

• 

0 

• 

4 

"15 

• 

0 

• 

6 

’35 

• 

•  •  • 

•  ♦ 

i-M-l  0 

ka  1 

0 

0 

• 

0 

• 

0 

• 

0 

0 

#  •  • 

n=2 

2 

3 

0 

6 

“5 

0 

10 

'21 

0 

*  •  • 

0  i-Mj, 
Ks 

0 

0 

0 

0 

•  •  • 

n=3 

0 

6 

5 

0 

12 

’7 

0 

2 

•  •  • 

0  0 

kf3 

0 

0 

0 

•  0  • 

n=4 

4 

15 

0 

12 

7 

0 

20 

'9 

0 

0  0 

0 

KS 

0 

0 

•  •  0 

n=5 

0 

10 

21 

0 

20 

9 

0 

30 

*11 

0  •  0 

0  0 

0 

0 

& 

0 

•  •0 

n=6 

6 

35 

0 

2 

3 

0 

30 

11 

0 

•  •  • 

0  0 

0 

0 

0 

t6 

•  0  • 

• 

• 

• 

* 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

0 

• 

♦ 

• 

• 

• 

• 

• 

0  • 

•  • 

•  • 

• 

0 

• 

• 

• 

• 

• 

• 

0 

• 

• 

0 

0 

0 

0 
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where 


**n 


By  a  rearrangement  of  rows  and  columns,  the  infinite  determinant  can 
be  factored  into  the  product  of  two  mutually  equivalent  infinite  subdeter' 
minants.  The  resulting  equation,  which  determines  the  critical  stress 
combinations,  is 


al 

b2 

a3 

a5 

*6 

•  09 

*1 

a2 

b3 

a4 

*5 

a6 

9  0  9 

n=l 

t1 

2 

3 

0  is 

0 

6 

35 

If* 

0 

0 

0 

0 

0 

0 

9  9  9 

n=2 

2 

3 

*s 

0 

5 

_10 

"21 

0 

•  1  « 

0 

0 

0 

0 

0 

0 

0  9  9 

ru=3 

0 

6 

"5 

1  M  12 
^  r 

0 

2 

3 

•  •  • 

0 

0 

0 

0 

0 

0 

9  0  9 

n=4 

b 

15 

0 

r  ^ 

20 

■9 

0 

•  •  • 

0 

0 

0 

0 

0 

0 

•  •• 

n=5 

0 

10 

"21 

0  f 

30 

11 

0  9  9 

0 

0 

0 

0 

0 

0 

•  90 

n=6 

• 

6 

35 

• 

0 

• 

I  0 

•  • 

30 

11 

• 

ks  6 

• 

•  •  • 

• 

0 

• 

0 

• 

0 

• 

0 

• 

0 

• 

0 

• 

9  0  9 

• 

• 

n=l 

• 

0 

• 

0 

• 

0 

• 

0 

• 

0 

• 

0 

• 

9  0  0 

• 

2 

’3 

•  • 

0  * 

# 

0 

9 

6 

"35 

9 
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0 

0 

0 

0 
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2 

"3 
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I  0 

10 

21 
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0 
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5 
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0 

_2 

3 
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0 

0 

0 

0 

0 

0 
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li 

"15 

0 
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T  ^ 

20 

9 

0 
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0 

0 

0 

0 

0 

0 
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0 

10 

21 

0  22 

9 

30 

"11 
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0 
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2 
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The  first  approximation,  obtained  from  the  second-order  deter¬ 
minant  (upper  left-hand  corner  of  either  of  the  infinite  subdeter¬ 
minants)  ,  is  given  by 


**  -  ^ 


(All) 


The  second  approximation,  obtained  from  the  third-order  deter¬ 
minant,  is  given  by 


I 


4^3 


+ 

25  1 


—Mo 

9  3 


(A12) 


The  third  approximation,  obtained  tram,  the  fourth-order  deter¬ 
minant,  is  given  by 


ks4(|  +  '  ks2(^IlM2  +  |^1MU  +  +  ^Ak)  +  =  0 


Each  of  these  equations  shovs  that  for  a  selected  value  of  the 
curvature  parameter  Z  the  critical  combination  of  stresses  ■which 
will  cause  a  long  curved  plate  to  buckle  depends  upon  the  wave 
length.  Since  a  structure  buckles  at  the  lowest  stress  at  which 
instability  can  occur,  ks  is  minimized  with  respect  to  the  wave 

length  by  substituting  values  of  (3  into  equations  (All),  (A12), 
or  (A13)  ^or  a  chosen  value  of  kx  until  the  minimum  value  of  ks 

can  be  obtained  from  a  plot  of  kg  against  p .  Table  1  presents 

the  computed  interaction  data;  the  results  are  substantially  the 
same  as  the  results  of  reference  6. 

In  order  to  determine  the  critical  stress  coefficients  for  the 
buckling  of  a  long  curved  plate  loaded  in  axial  compression  alone, 
equation  (AID)  1b  solved  by  setting  kg  equal  to  zero.  In  the 

resultant,  equation  all  tho  off-diagonal  terms  are  equal  to  zero. 

Tho  solution  to  this  equation  is 


mxm^i3  .  .  .1^=0 


(Aik) 
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For  the  minimum  value  of  the  stress  coefficient  that  satisfies  eq.ua” 
tion  (A14),  the  relationship 


Mx  =  0 


(A15) 


must  he  satisfied.  The  value  of  given  by  equation  (A15)  'is 


^x  = 


(ft2  +  l)2  !2Z2p2 


P2  «k(p2  +  if 


(A16) 


Equation  (Al6)  shows  that  the  buckling  stress  is  a  function  of 
the  wave  length  of  the  buckle  and  the  minimum  value  of  kx  is  found 

by  minimizing  with  respect  to  0  in  a  manner  similar  to  that 
used  to  find  the  minimum  value  of  k  in  equations  (All)  to  (A13) . 

O 

Figure  gives  the  critical  axial-compressive-stress  coefficients 
for  long  curved  plates  with  simply  supported  edges;  the  results  are 
the  same  as  the  results  presented  in  reference  4  for  plates  with 
simply  supported  edges. 

Solution  for  plates  with  clamped  edges.-  A  procedure  similar  to 
that  used  for  plates  with  simply  supported  edges  may  be  followed  for 
long  curved  plates  with  clamped  edges.  The  deflection  function  used 
is  the  following  series: 


w  =  sin 


*■  Si  L 


cos  ~  ..USE  .  COS  *  Hg 
b  b 


06  r 

+  cos  —  Vdcos  (n  '  ^  -  oo8 

»■  tA 


(A17) 
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Each  term  of  this  series  satisfies  the  conditions  on  v  et  the 
edges  and  in  addition  the  conditions  that  the  axial  displacement  u 
is  unrestrained  and  the  circumferential  displacement  v  is  equal 
to  0  at  the  edges  (see  reference  13).  In  this  case, 


cos 


(n  -  l)«y 
b 


cos 


(n  +  l)ny 
b 


YL  =  cos  — 
n  \ 


cos 


(n  -  l)«y 


-  cos 


(n  +  l)«y 


T 


(A18) 


■where  n  =  1,  2,  3  •  •  • 


After  operations  corresponding  to  those  carried  out  for  the 
case  of  simply  supported  edges  are  performed,  the  folloving  simul¬ 
taneous  equations  result: 
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and 


The  infinite  determinant  formed  by  equations  (A19)  can  he  rearranged 
so  as  to  factor  into  the  product  of  tvo  mutually  equivalent  infinite  sub¬ 
determinants,  as  in  the  solution  for  long  curved  plates  with  simply  sup¬ 
ported  edges.  The  critical  stress  combi  nations  are  obtained  by  permitting 
one  of  the  subdeterminants  to  vanish.  The  resultant  equation  is 


(A20) 
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The  first  approximation  to  equation  (A20),  obtained  from  the 
second-order  determinant  (upper  left-hand  corner  of  equation  (A20)), 
is  given  by 

*s2  •  (i)  (»o  *  Ma)(Mi  *  «j) 


The  second  approximation,  obtained  from  the  third-order  deter 
minant,  is  given  by 


*82- 


(mx  +  M3)[z(2m0+M2)(m2  +  M^)  -  Mg2] 

(a)V  *  -  (§)©".  *  (s)V  *  m 


(A22) 


The  third  approximation,  obtained  from  the  fourth-order  deter¬ 
minant,  is  given  by 
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These  equations  are  solved  for  values  of  Z  between  C  and  30 
in  a  manner  similar  to  that  used  in  the  problem  of  the  buckling  of 
curved  plates  with  simply  supported  edges  -  that  is,  by  substituting 
values  of  3  into  equations  (A21),  (A22),  or  (A23)  for  each  value 
of  Z  and  a  given  value  of  until  the  minimum  value  of  ks  is 

obtained  tram  a  plot  of  3  against  corresponding  veluee  of  kQ .  As 

the  value  of  Z  increases,  the  higher  Fourier  components  of  the 
buckle  deformation  increase  in  relative  importance,  and  instead  of 
determinants  in  the  upper  left-hand  corner  determinants  farther  down 
the  principal  diagonal  are  used.  The  computed  interaction  data  are 
presented  in  table  1. 

In  order  to  determine  the  critical  stress  coefficients  for  the 
buckling  of  a  long  curved  plate  in  axial  compression,  equation  (A23) 
is  solved  by  setting  kg  equal  to  zero.  The  solution  then  is 


+  M^Mejj  =  0  (A24) 


Equation  (A24)  is  solved  in  a  manner  similar  to  that  used  for 
the  problem  of  the  buckling  of  a  curved  plate  vith  simply  supported 
edges  under  axial  compression  -  that  is,  by  substituting  values 
of  3  into  equation  (A24)  until  the  minimum  value  of  kx  is  found 
from  a  plot  of  against  3*  Figure  4  gives  the  critical  axial- 

ccanpressive -stress  coefficients  for  long  curved  plates  with  clamped 
edges,  and  these  values  are  in  substantial  agreement  with  the  results 
presented  in  reference  5  for  plates  of  low  curvature  with  clamped 
edges . 


NACA  TO  No.  13^7 


21 


APPENDIX  B 


DETERMINATION  OF  EMPIRICAL  CURVES  FOR  BUCKLING 
OF  LONG  PLATES  WITH  TRANSVERSE  CURVATURE 
LOADED  IN  AXIAL  COMIRESSION 


Curved  plates  loaded  in  axial  compression  buckle  at  loads  -which 
are  much  lower  than  those  predicted  by  theory  (see  references  9 
to  11).  In  order  to  determine  the  loads  at  which  actual  curved 
plates  would  buckle  an  empirical  Investigation  was  carried  out. 

When  plates  have  appreciable  curvature,  the  critical  compres¬ 
sive  stresses  are  virtually  independent  of  the  ratio  of  the  axial 
length  to  the  circumferential  width  of  the  plates,  if  this  ratio  is 
greater  than  about  1.  The  test  data  obtained  in  various  investi¬ 
gations  for  the  buckling  of  curved  rectangular  panels  having  a  ratio 
of  axial  length  to  circumferential  width  greater  than  1  were  plotted 
in  figures  7  and  8  by  using  the  parameters  of  tho  small -deflection 
theory.  These  figures  chow  that  as  the  radius -thickness  ratio  of 
the  plates  increases  the  buckling  stresses  decrease.  A  series  of 
curves  depending  upon  the  ratio  of  radius  to  thickness  was  there¬ 
fore  drawn  through  the  average  of  the  test  points;  these  curves  give 
the  ccmpresslve-buckllng-stress  coefficients  for  actual  curved  plates. 

At  high  values  of  Z  the  curves  approach  a  series  of  straight 
lines  which  are  parallel  to  the  theoretical  curve.  These  straight 
lines  are  functions  of  r/t  and  may  be  approximated  by  the  equa¬ 
tion  kj  ■  CZ  where  C  is  a  function  of  r/t  expressed  by  the 

equation  C  »  0.68  -  0.000^-.  This  expression  for  C,  plotted  in 

t 

figure  9,  was  obtained  from  experimental  results  given  in  figures  7 
and  8.  As  Z  decreases  and  approaches  zero,  the  empirical  curves 
approach  the  value  of  k^  *  4  which  is  the  theoretical  ccmpresslve- 

stress  coefficient  for  the  buckling  of  flat  plates  with  simply  sup¬ 
ported  edges  loaded  In  longitudinal  compression.  (See  curves  for 
simply  supported  plates  in  fig.  4.)  The  empirical  curves  of  figures  7 
and  8  may  therefore  be  used  to  dotermine  the  compressive  buckling 
stresses  of  curved  plates  with  simply  supported  odges. 

In  order  to  detormlne  the  stresses  that  cause  curved  plates 
with  clampod  edges  to  buckle,  it  is  necessary  to  modify  the  curves 
of  figures  7  and  8.  The  longitudinal  loads  which  cause  buckling 
are  practically  independent  of  edge  restraint  at  large  values  of  Z. 
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(See  fig.  U.)  Flat  platea  vith  clamped  edges  loeded  longitudinally 
will  aloo  buckle  at  a  otreaa  which  ayesa  closely  with  the  theo¬ 
retically  prodicted  value  (reference  15)  •  The  curves  of  figures  7 
and  8  are  therefore  modified  for  curved  plates  vith  clamped  edges 
by  fairing  smooth  transition  curves  between  the  theoretical  values 
at  low  values  of  the  curvature  parameter  Z  and  the  empirical 
values  established  for  the  buckling  of  curved  platee  at  high  valueo 
of  Z.  The  results  are  shown  as  dashed  curves  in  figure  5» 
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TABLE  1 


THEORETICAL  CCMBElATIOliS  OF  tEEAF. -STRESS  ARD  DUlLCT-AXIAIi-STREGS 
C037ICIEHTS  A*H  CGRRESPOI.DEiG  VALUES  CF  P2 
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First 

approximation 
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approximation 
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32 
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approximation 


Curved  plates  vith  simply  supported  edges 


1+0.53 
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.003 
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Curved  plates  with  clamped  edges 
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TABLE  1  -  Concluded 


THEORETICAL  COMBINATIONS  OF  SHEAR -STRESS  AND  DIRECT-AX  IAL-STRESS 
COEFFICIENTS  AND  CORRESPONDING  VALUES  OF  p2  -  Concluded 


z 

■ 

First 

approximation 

Second 

approximation 
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Third 

approximation 
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p2 

ks 
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p2 

Curved  plates  vith  clamped 
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-7 
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-  -  -  - 

— 

1000 
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.24 
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— 
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Fig.  1 


Figure  1.-  Theoretical  combinations  of  stress  coefficients  for  long 
plates  with  transverse  curvature  having  simply  supported  edges 
leaded  in  shear  and  direct  axial  stress.  (Curve  for  Z  =  0 
obtained  from  reference  7. ) 


Fig.  2 
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Figure  2.-  Theoretical  combinations  of  stress  coefficients  for  long 
plates  with  transverse  curvature  having  clamped  edges  loaded  in 
shear  and  direct  axial  stress.  (Curve  for  Z  =  0  obtained  from 
reference  7.) 
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2  10*  iCr 

z  =  ft 

Figure  4.-  Theoretical  compressive -stress  coefficients  for  long 
plates  with  transverse  curvature  having  either  simply  supported 
clamped  edges. 
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Fig.  5 


Figure  5.-  Design  and  theoretical  compressive-stress  coefficients 
for  long  plates  with  transverse  curvature  having  either  simply 
supported  or  clamped  edges. 
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Figure  6.-  Comparison  of  theoretical  interaction  curve,  probable 
empirical  interaction  curve  (exact  location  somewhat  uncertain) , 
and  empirical  interaction  curve  recommended  for  design  of  curved 
plates  buckling  under  combined  action  of  axial  compression  and 
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Fig.  7 


Figure  7.-  Test  points  and  design  curves  for  plates  having  radius- 
thickness  ratios  of  500  and  1000  compared  with  theoretical  curve 
for  plates  with  simply  supported  edges  loaded  in  axial  compression. 
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Lundqust 

Crate  and  Levin 

Cox  and  Clenshaw 


Figure  8.-  Test  points  and  design  curve  for  plates  having  radius- 
thickness  ratio  of  700  compared  with  theoretical  curve  for  plates 
with  simply  supported  edges  loaded  in  axial  compression. 
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